
 
On the Use of Analytical Geometry to Represent Certain Kinds of Statistics
Author(s): F. Y. Edgeworth
Source: Journal of the Royal Statistical Society, Vol. 77, No. 4 (Mar., 1914), pp. 415-432
Published by: Wiley for the Royal Statistical Society
Stable URL: http://www.jstor.org/stable/2340241
Accessed: 27-06-2016 05:10 UTC

 
Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

http://about.jstor.org/terms

 

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted

digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about

JSTOR, please contact support@jstor.org.

Wiley, Royal Statistical Society are collaborating with JSTOR to digitize, preserve and extend access to
Journal of the Royal Statistical Society

This content downloaded from 159.178.22.27 on Mon, 27 Jun 2016 05:10:05 UTC
All use subject to http://about.jstor.org/terms



 1914.] 415

 ONr TE USE OF ANALYTICAL GEOMETRY TO REPRESENT CERTAIN
 KINDS OF STATISTICS.

 By Professor F. Y. EDGEWORTH, M.A., F.B.A.

 (Continuation.)

 SUBSECTION 2. MODERATELY ABNORMAL CURVES.

 The central class which is next to be considered forms the most
 characteristic part of the present study. It consists of cases too
 far removed from the normal for the useful employment of the
 Generalised Law; cases which are not uncommon in concrete statistics,
 as shown by Professor Pearson and his followers. Let us begin by
 defining and as it were " pegging out " the area to which our opera-
 tions will be confined.

 Limitation of the problem.-The first of the conditions above laid
 down, that the constants should not be large, is twofold, relating
 to each of the constants (,8 and e). Of the sub-conditions thus
 presented the latter is the more important, since the boundary
 which it prescribes proves to be within what we may call the first
 boundary. What the second boundary is may be seen by con-
 sidering what the second fundamental equation becomes when
 the constant e becomes very large, that is-according to our postu-
 late*-approaches unity. The equation, which may in general be
 written-

 (1 - E)X2 + 2x(S -ER) + T = eR2,
 degrades, when e becomes unity, to the comparatively simple
 equation 2X(S - R) = R2 - T. This curve intersects the abscissa
 in a point determined by the equation R2 - T =0 ; which proves
 to be satisfied by X = -58 (nearly). When S = R, X being zero,
 X becomes infinite. The shape of the curve-in the region with
 which we are concerned-is roughly shown on Fig. 4 by the (partly
 thick and partly dotted) line B . . e. That the curve thus defined
 includes all the points on the positive side of the abscissa which
 concern us here may thus be demonstrated. Starting from (that
 member of the second family of curves which has) E zero, let us
 suppose e to be continually increased; and consider the horizontal
 distance of the curves thus presented from any assigned point on
 the ordinate, that is, the X on the successive curves corresponding
 to any the same X. Write f (x, A, e) = 0 for the second

 equatio- X2 + 2SX + T - e(X + R)2 = 0.

 * Ante, P. 308.
 2G2
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 416 On the Use of Analytical Geometry [Mar.

 We have to consider the differential coefficient-
 {dx

 (d) A constant.

 This differential coefficient = - f

 Now ),- (X + R)2, is always negative.

 (df) = 2X + 2S - 2c (X + R).

 Or, restoring to R and S their values in terms of X (given above),*

 (d-)r 2X( - e)+2(1 - ( ) + 2X(9 - 3E) + 2X2(4? - e I).
 This expression is always positive, while c is less than unity (X being

 positive). Accordingly (within these limits) (f is continually

 positive. At the same time it appears that to every assigned X
 there is one and only one positive value of X. For the value of
 X corresponding to any X is given by the equation-

 X2 (1 - c) + 2x (S - ER) - (ER2 - T) = 0,
 and the first two -terms of this equation are necessarily positive
 (aE<1, X>.O); while the third term is negative, since T is greater
 than R2-and a tortiori greater than cR2-up to the limit X = *6
 nearly, when c = 1. Thus the family of c-curves covers the
 ground evenly, as we may say, throughout that portion of the
 quadrant which is marked off by the c-curve for which e is (just
 becoming) unity.

 By parity of reasoning we may find, as the boundary fixed by the
 first sub-condition, the curve-

 X2 (2Q - 3R) + X (Q2 - 3R2) - Rs = 0.
 But it is unnecessary to exhibit or discuss this limit, as it lies outside
 the boundary which has been described. This appears from the
 following statement of the points on each curve corresponding to
 certain assigned values of X. (With the mutual relations of the
 curves beyond the neighbourhood specified we are not concerned,
 as will presently appear)-

 X = *2 .3 .4

 x? *64 **55* .54...
 Xe 55 37 * 176 -

 X,9 being the abscissa of the point on the limiting fl-curve, and
 X. the point on the limiting c-curve, for an assigned value of X
 the ordinate.

 Corresponding, but more complicated, propositions may be
 deduced respecting the limits imposed by the first (a) condition

 *. AXte, p. 307.
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 1914.] to represent Certaint kinds of Statistics. 417

 in the lower quadrant (with negative values of X). But it is un-
 necessary to pursue the investigation further, since almost the whole
 of the lower quadrant is ruled out by the second (b) condition to
 which we proceed.

 The second condition also is two-fold; the first provision being
 that there should not be a discontinuity or break of the kind
 described above.* In order that this sub-condition should be ful-
 filled it is sufficient that the denominator should always be positive
 in the expression for the ordinate of the constructed curve, namely-

 f($)
 Y= dX;

 dd

 where X = a($ + K$2 + X$%), $ is the inverse function of X,
 f denotes the normal error-function (K = %/5).t Now-

 dX a'( + 2K$ + 3 X2);

 and accordingly the condition is fulfilled if 3 X> K2> X.
 This inequality is sufficient, but it is not necessary for the

 fulfilment of the condition in question. For it has been agreed
 that the condition is adequately fulfilled if it is not broken
 with respect to the sensible portions of the constructed curve.:
 Let us take, for instance, as the limit of safety the percentile
 corresponding to the point which is at the distance of twice the
 modulus from the centre of the generating curve, the percentile which
 cuts of at the extremity only some 2i per mille of the frequency
 group. Our condition then will be adequately fulfilled if the
 values of K and X are such that the exprpssion 1 + 2x$ + 3MP is
 positive for all values of $ from 0 to 2. Since, when X is positive
 (the more frequent case, I think), the last-written condition is of
 course fulfilled by all positive value of K, we shall find it convenient
 to consider the expression as of the form 1 - 2Ki + 3XP where
 K now stands for \/x without its sign, in absolute quantity.? This
 expression vanishes for - = 2 when 4K = 21X + 1. Consider
 now the line which this equation denotes in the plane of K and X;

 1
 a line intersecting the axis of X at the point X = and making

 with the abscissa an angle of which the tangent is 3. It may be
 shown that for all (the pairs of) values of K and X represented by
 this line, up to a certain point on the line, the expression

 1 - 2K$ + 3X(2,

 * p. 309.
 t Congress Paper, pp. 10, 13.
 $ Ante, p. 310.
 ? The reader may be advised to mentally substitute for ic in the following

 paragraphs I X I, meaning the absolute value of the constant, or VX similarly
 understood; or to define the operator (now, if not ab initio) as

 (aE - 42 + xe).

This content downloaded from 159.178.22.27 on Mon, 27 Jun 2016 05:10:05 UTC
All use subject to http://about.jstor.org/terms



 418 On the Use of Analytical Geometry [Mar.

 which we may call S ($), or y, is positive, for all values of $ from 0 to 2;
 and further that 4 ($) is positive for the whole tract of values in-
 tercepted between the said line, the axis of X and an ordinate passing
 through the said limiting point. To consider how the equation
 4($) = 0 is affected by the change of the constants, let us replace
 K by its assumed value in terms of X; and we have for y (_ 44$)),

 3X44) -1 (19X + 1)$ + 1 = l.

 This equation has always (as it ought) one root equal to 2. In
 other words, the curve connecting the value of y, considered as an
 ordinate with the abscissa $ in the plane of y and $, always passes
 through the point $ = 2, y = 0. It always also passes through the
 point 0 =, y = 1. Thus, in Fig. 2 (where OA =2, OB = 1)

 FIG. 2.

 the thick (straight) line represents what the curve becomes when
 A = 0. The dotted line above the straight one, at points between
 A and B, represents the curve varied by changing X from 0 to a small
 negative value, say - AX. The change to + AX is represented by
 the broken line below the straight one between A and B. The
 rationale of these variations appears by observing that

 -~~~

 t 0~ = 3~1 - 6

 ~dXjconstant,-3$-6;

 and accordingly ed constant is, for values of a between 0 and 2, negative
 for positive values of b, and positive for negative values of A; and
 conversely for values of s greater than 2. To observe how the second
 root of the equation 4s)t =0 (one root being always 2) is affected by
 the change of A; let us first suppose that r is continually diminished

 1
 from - AX to - and the lowest values of X with which we are

 concerned. The root in question will vary from - oo to - 2.
 Accordingly the equation 44$) = 0 (having one root equal to 2)
 will have no roots between 0 and + 2; our condition will be
 fulfilled. Next suppose A to be continually increased from + AX.
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 1914.] to represent Certain kinds of Statistics. 419

 The variable root of the equation will vary from + co to + 2;
 At that limit the condition breaks down. The limit evidently occurs
 at the value of X at which the equation 4(e) =0 has two equal roots
 each equal to 2. That is 4'(2) = 0 (as well as 4(2) = 0). Whence,

 substituting 2 for 4 in 4(4), viz., 6Xk - (12A + 1), we have

 6X - 1x 11-2
 Now suppose the line 12X - 4K + 1 = 0, in the plane of K, X to

 be pushed up by adding to the right side a positive quantity, c.
 Then 2 is a root of the equation 3X$2 - 4Kd + 1 = c. The new
 curve representing that equation in the plane of y and @ passes
 through the point 4 =0 , y = 2; and, as may be shown by parity
 of reasoning, has no root between 0 and 2 for all the values of X

 between X = - 1 and X = + i12 Nay, even for a larger value

 of X, say 12 + A, the equation 4) c = 0 will have no root
 between 0 and 2 provided that c is sufficiently large with respect
 to A.

 Now let us transfer these propositions to the plane of X and X.

 The line 3 + 12) is now to be replaced by the parabola

 x = 9 (X + 2
 represented by the curve aC in Fig. 3. For all points on this para-

 bola fromX = - (X = O) to X = ?1(x= 4), and for all points

 in the sort of column standing in this portion of the parabola as base,

 and bounded by the ordinates at X =0, X = 1 the relation of

 X and X is such that the equation 0 (4)=0 has no roots between
 O and 2. That condition is also fulfilled by the greater part of the

 1
 tract above the parabola beyond the ordinate at X = 4. For the

 point X-4'X = I, is defined by the condition that for those

 values of x and X the equation k (4) = 0 should have equal roots.
 But that is precisely the limit at which the roots begin to be

 imaginary. In fact, the limiting parabola X = 9 (x + 12 hitches
 on, so to speak, at the point specified to the line X = 3X; which,
 as we have already seen,* forms the limit at which the relation
 between X and X begins to be such as to satisfy condition b perfectly
 for all values of those variables. The effective limit above which
 all values of x and X fulfil the required condition adequately or

 * See above, p. 417.
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 420 On the Use of Analytical Geometry [Mar.

 perfectly is represented by the thick lines in Fig. 3, tho mixtilinear
 boundary which is a parabola from A to C and a straight line from
 C to infinity.

 The propositions which have been proved, with respect to the
 convention that the expression 1 - 2K$ + 3X2 should continue
 positive for all values between 0 and 2 hold good, mutatis mutandis, for
 any neighbouring limit, e.g., 1I5 or 2 5.* The limiting parabola,
 whether below or above the one represented in Fig. 3, viz., AC, will
 now touch and hitch on to the line 0 at a point C' either beyond or
 short of C.

 FIG. 3.

 The preceding theorem is important, not only in itself, but also
 as affording a clue to the less simple investigation relating to the
 second clause of condition b, namely, that there should not occur
 a minimum ordinate, a turn-up of the constructed curve, between the
 median and some assigned limit. Let us again, for convenience of
 exposition, take + 2 as the limit; remarking that the choice of 2
 as the limit, with respect to this provision involves the fulfilment of
 the former provision-the absence of a break-to a greater distance
 than 2. Let 0V(4) stand for the numerator of the expression for
 the ordinate of the constructed curve. That is,

 & (4) = 3X48 - 2Ki2 + (3X + 1)t - K = 0.
 We have now to secure a relation between K and X, such that there
 is only one root for the equation t(4) = 0 between C = 0 and
 e= 2; the root corresponding to the mode of the constructed
 curve. Put 30X 9K + 1 = 0 (securing that the equation should
 have a root = 2); and, after the analogy of the previous investiga-
 tion, consider the varying shape of the curve connecting z, the

 * Within a certain range of values, as to which see sub-section 3.
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 1914.] to represent Certain kinds of Statistics. 421

 ordinate of 0(4), and 4 (in the planes of those variables) for succes-
 1

 sive values of X from - upwards. There will be only root of

 the equation /($)=0 between 0 and, 2 up to a certain value of X,
 namely, that for which the equation 6 =0 has two roots equal to 2.
 We have then 9X$2 - 4K$ + 3X + 1 = 0 when 2 is substituted
 for @. Also 30X 9K + 2.= 0. Solving the simultaneous equation,
 we have X = 063, K = *43. . Returning to the plane of X and X,

 we have for the limiting parabola x = 9 (xA + 1 2 represented
 by the curve AB in Fig. 4, up to the point B on that parabola for which
 X = -*063, X (- K2)= - 187 (nearly). At that point the limiting
 parabola hitches on to another curve (not shown in the figure), the
 curve which defines the relation between the coefficients of the
 cubic equation ^6($)=0, such that the roots just begin to be
 imaginary.

 It is well known that two roots of a cubic equation are or are not
 imaginary, according as a certain function of the constants, which
 may be put in the form G2 + 4H3, is or is not greater than zero.*
 In the case before us-

 G = K(2X - 3X2 16K2)

 H = A(l + 3A) - 4K2.

 * There is in this neighbourhoocl a pitfall which was not avoided in my
 former paper. If we form the expression for the criterion G2 + 4H3 in terms

 of the coefficients of the cubic equation, which gives the positions (in terms of the
 modulus) of the points in the original curve which correspond to critical points,
 maximum or minimum ordinates, for the constructed curve-that is, the equation

 3X43 - W2 + (1 + 3A) I - K =0;
 it appears that the criterion vanishes when x = 0. But this circumstance has
 not the significance which I attributed to it in the Congre88 Paper (p. 13).

 The axis of X does not form the watershed between possible and impossible
 roots of the equation (and accordingly between limited and unlimited
 frequency-curves); as will be shown in the sequel. The deceptive appear-

 ance disappears if we consider two small finite values of x on either side
 of the passage through zero, say + Ax and - Ax. The corresponding
 equations (for the positions of maximum or minimum) are-

 3UP - 2K42 + (1 + 3UA)Z - K =0;
 3UXE3 + 2iC2 - (1- 3AX)E + K = O.

 In neither case does the criterion in general vanish. Both equations have two
 roots, nearly equal to the roots of the quadratic

 2K- - K C 0,

 which roots are real, provided that K2 (= X) < 8. At that limit (as wil be
 noticed in the following subsection) two roots of the cubic become equal; the
 mode becomes coincident with the minimum at the boundary of the constructed
 curve, and the resemblance to the shape of the normal curve becomes more
 imperfect.

 ? Cp. Theory of Equation8, by Burnside and Panton, Arts. 35 and 43.
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 422 On thte Use of Analytical Geometry [Mar.

 If we substitute these equivalents of G and H in the above written
 expression for the criterion which may be called K, we shall find
 that K vanishes when the co-ordinates X and X are respectively
 48 7
 -11 and 1-i-these being the values which, as above shown, cause
 the equation 0t(4) = 0 to have two roots equal to 2. From the point
 in the plane of x and X assigned by these values, as we move to the
 right we find that the curve K = 0 lies above the limiting parabola,
 every point of which between B and C represents values of X and X,
 which cause the equation t(j) = 0 to have two real roots less than 2
 (render one equal to 2). At the point C the curve K = 0 again
 intersects the parabola ABC, since at that point the value of X
 and X are again such as to cause the equation ^t = 0 to have two equal
 roots; this time the two roots less than 2 (one root being still equal
 to 2). At this point the curve K = 0 crosses the limiting line.
 Some assistance in finding the position of the criterion curve may be
 obtained by observing that it always lies outside the simpler curve
 H = 0 (not shown in the figure). The equation of this curve is

 9
 X 7 (3X2 + X); the equation of a parabola which has its apse at

 3 1
 the point X =- 6 X = - passes through the origin, and cuts

 R61 1 1
 the limiting line at the point X = X 3 . We are not now con-
 cerned to follow the criterion curve K, nor the ancillary curve H,
 across the limiting line. They migbt lead us into regions of
 nonentity and insignificance. For though within the barrier K,
 and a fortiori within the barrier H, there is fulfilled one clause of
 condition b, namely, that the ordinate of the constructed curve
 should have only one critical point; still, as the other clause, that
 there should be no discontinuity, is not fulfilled, the construction
 breaks down as soon as we have crossed the line OC. That
 limiting line becomes the boundary of our territory on to the point
 at which it intersects the limiting e-curve already described.
 That intersection takes place at a point for which the ordinate X
 is a little less than *2, and the co-ordinate X a little less than 6.
 The point may be more exactly determined by the solution of the
 biquadratic equation which results from putting x = 3 in the
 expression given on an earlier page* for X. the abscissa of a point on
 the limiting e-curve. But probably the following statement is
 sufficiently accurate for the present purpose:-

 When X = * 1, 3X = * 3, XC = I * 05.
 When X = * 2, 3X = * 6, X, = 55 ...

 From the intersection of the limiting line with the limiting
 e-curve the boundary consists of that curve, on to the point at
 which it intersects with the axis of X, a point which, as already
 observed, is distant nearly * 6 from the origin (see Fig. 4).

 * P. 415.

This content downloaded from 159.178.22.27 on Mon, 27 Jun 2016 05:10:05 UTC
All use subject to http://about.jstor.org/terms



 1914.] to represent Certain kiinds of Statistics. 423

 FIG. 4.

 Thus the area to which our operations are restricted is defined
 by the mixtilinear boundary, which consists of a parabola from A
 to B (Fig. 4), a curve of a high dimension (not drawn in the
 figure)* from B to C, a straight line from C to D, a curve of the fourth
 dimension from D to E, and the line EA, which is part of the a'is
 of X. Within these narrow limits, according to the hypothesis on
 which our formula is based, the search for the coefficients to be
 inserted in the formula is confined. In so far as coefficients adapted
 to concrete data cannot be found within these limits the hypothesis
 will be discredited.

 Approximate solut0no.-The field which has been demarcated is
 now to be searched for roots to the proposed equations. We may
 begin with the simple case in which the flint constant /8 is, or may be,
 treated as zero. The analysis above givent suggests the proper
 treatment of this case. We have seen that the successive curves

 * The criterion curve will be traced and discussed 'n the following sub-
 section.

 t P. 421.
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 424 On thte Use of Analytical Geometry [Mar.

 of the c family cut the axis of X at points higher according as e is
 further on the positive side from zero. The proposition is readily
 extended to the negative values of e and X, with which alone we

 are now concerned, that is, as far as X - - or thereabouts.*
 Up to that limit at least the smaller e is with its negative sign (that
 is, the larger in absolute quantity), the greater will be the distance
 of X from the origin, on the negative side. This relation between
 X and e is more exactly expressed by the equation T R (1h e
 terms affected with X2 in the fundamental equation ic, having by
 hypothesis now disappeared). Explicitly we may write the
 equation-

 X4(405 _ 225+ 135 45 3 + (I - 6c) -E -0
 On this equation it may be observed; (1) when e is negative
 there is no positive root of the equation; when e is zero the root
 (which we require) is zero; when e is positive, but less than unity,
 the first two terms of the equation are always positive; and of the
 remaining terms the last only, or the last two only, or all three are

 negative according as e is (greater than zero but) less than 6' greater
 1 ~~~~6 /18\ 6

 than 6, but less than ii3j), or greater than I I (but less than unity).
 It thus appears that there is at most only one positive root to the
 equation.

 TABLE II.-Evaluation of A when .8 2 very smnall.

 (x) Ft?) | Authority and reference.

 O '03 '0277 Maynard (Shirley, Popppies), Biom., vol.
 ('0056) ('366) VII, p. 229.

 O - 033 .... Miss Fawcett (Statures), B;om., IV, p. 442.
 ('0002) ( .4)

 - 085 '039 Fictitious typical example.
 0 - 0377 Elderton (Assurances), Frequency-curves,

 ('002837) (- '4517) p. 62.
 0 '048 .... Elderton (Sickness), oo. cit., p. 70.

 ('00536) (-4699)
 0 '054 .... Pearson (Skull-index), Contributions II,

 ('008') ( 65) Ex. 5.

 Table II presents some concrete examples which may be referred
 to this head. Thus, in the first ex2ample, taking a as + '03,
 I find for the biquadratic equation determining X-

 X43213 + X833 075 + X28 505 + X 82 - '03 0..
 '64

 * Above, p. 421.
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 Making the coefficient of the first term. unity, and applying Horner's
 method I find for X * 0277.

 This result might have been found by the approximative formula,
 derived from the equation connecting 6 and X, for X in ascending
 powers of E, viz.-

 X = c3-2 +__+
 4

 Putting * 03 for 6 in this formula we have X nearly as before 0278.
 I have begun with the approximative formula in the case of

 a typical example for which the constant e is negative, viz., - 035
 (intermediate - 033 and -037 occurring in the table). Sub-
 stituting -035 for e in the approximative formula I obtain for
 -, - 0387; which satisfies well enough the more accurate bi-
 quadratic-

 X451 117 + X334-5375 + X29@5775 +X121 + 035 = 0.

 One or both of these methods can evidently be applied with ease
 to the other examples given in the table.

 Attention may be called to the magnitude of the coefficient
 of E3 in the approximative formula for X-that coefficient which
 may be described as (the sixth part of) the third differential
 coefficient of X with respect to 6. The magnitude of the differential
 coefficients in the expansion of X just now given, and in the more
 general expansions of X and X given in our first subsection, demand
 caution in the use of approximative formulae. Thus, in dealing
 with an example in which 6 = say *13, it would not do to put

 X - _ E1C2 + 18 . 75 0 ; since the third term, about + * 04 is nearly
 equal in absolute magnitude to the second term, about 05.

 It should be noticed that the tangents to the 6-curves at succes-
 sive points on the axis slope downwards with a slope which diminishes
 (in absolute magnitude, approaching more nearly to the horizontal)
 as we ascend the axis. For, in general, the tangent of an e-curve

 at any point of which the co-ordinates are X and A, dX

 Vdx!I\ dX/ d
 where T is that function of X and X to which 6 is equated by the
 fundamental equation ii. When X is zero this expression reduces to

 2 RS - T
 T'R - 2 R'T

 Where R', T' denote the differential coefficients of R and T with
 respect to A. When A also is zero the expression for the tangent
 reduces to - 2. The tangent becomes - 2(1 - 4X) for small values
 of A.

 The axis of A, intersected by 6-curves of gradually varying
 slope and so arranged that the greater the (positive) distance of the
 intersection from the origin, the larger is the coefficient 6 and so
 the further out lies the corresponding curve-the axis of A in this
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 426 On the Use of Analytical Geomnetry [Mar.

 respect may be regarded as typical of a class to which it may be
 referred (as a limiting case), the family of /3 curves. Let us pass
 from the limiting case in which /8 is actually becoming zero to the
 adjacent case in which /3, though not indefinitely, is still very small,
 say 8, a quantity of which the second and higher powers may be
 neglected. Then the fundamental equation i degrades to
 XQ2 -= R3. If we inquire for what value of A, X is a minimum,
 the curve approaching nearest to the axis of X, the answer is found

 by equating to zero LX

 i.e.,98R2(3Q - 2R N1 /Qs.

 Since Q is positive for all values of X (the product of the extreme

 coefficients, IP5 and -,5 being greater than the square of half the

 coefficient of X, namely 9) in order to determine X we should equate
 to zero the expression within brackets in the above written equivalent

 of ;X. Assigning to Q and R their values in term of X we obtain

 for the required value of X the cubic equation-

 Xg+ -X2 - x- ?= 0.
 3 75 225

 The positive root of this equation is in the neighbourhood of *231,

 the negative roots-far below X = - I-5-do not now concern us.

 There is no other minimum value of X in the tract with which we
 are concerned.

 Similar statements are true of the proximate / curve. But as

 we increase /3, the turning point at which d>. becomes zero lies at

 a greater distance from the axis of x. This appears by considering
 the trend of the locus of that turning-point, in the neighbourhood
 of the limiting point just now determined by X = , X = *231. The

 (dc)
 locus is found* by equating to zero (-d ; where 4' is the function

 of X and X to which /8 is equated by the fundamental equation i.
 As we assign higher and higher values to the constant /3 we

 obtain a series of curve-lines sloping gradually downwards from
 a height at least equal to *231, each outside the other, and none

 dX
 curling round so as to make the tangent aX = 0. To verify the
 last proposition, it may be recalled that to each positive value of X
 there corresponds one, and only one, value of X.

 * The equation of this locus is given explioitly ia the foUowing subsection.
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 1914.] to represent Certain kinds of Statistics. 427

 Each of these descending ,8-curves, crossed by successive
 c-curves, might be compared to a rope-ladder with rungs sticking
 out on both sides of the rope. The rungs of the ladder are sloping,
 the slopes being not quite parallel. The rope is supposed perfectly
 fixed, while slightly convex (downwards).

 We thus obtain a simple rule for locating the values of X and X
 corresponding to any given values of /3 and e. Having constructed
 beforehand once for all several ladders of the kind described, select
 the ladder which most nearly corresponds to the given value of fi.
 Getting on to the ladder at some suitable point, say, on the axis of X,
 where X = 0, observe the value of e pertaining to that point, say co.
 According as co is less or greater than the given E, ascend or descend
 the ladder till you come to a pair of rungs which contain between
 them the given value of e. That is the required neighbourhood.

 The process is illustrated by Fig. 5, A and B, taken in connection
 with Table III.

 TABLE 'II.-Location of roots in cases of moderate-8ized constants.

 (To accompany Fig. 5.)

 Deatig | ) (E) Location. Description and reference.
 nation.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .n)

 a *012 *067 I. r. 2- Greenwood (Phagocytes), Bioma.,
 (098O0) (*7994) VII, p. 517, Ex. 2.

 b 03 '09 I. r. 2- Pearl (Brainweights), Biom., IV,
 ('2462) (1 O'2) p. 38, Table VIII, Ex. 9.

 c 038 *011 II. 1. 0--(- 1) Greenwood (PIagocytes), Biom.,
 ( 3004) (1 -35) VII, Table V.

 d 039 *079 II. 1.1 ? Pearson (Opsonic Index), Biom.,
 ('3123) (9472) VII, p. 533.

 e *045 *06 II. 1. 0-1 Greenwood (Phagocytes), Biom.,
 ( 3654) ('713/) VII, p. 521.

 f *062 *083 II. r. 0-1 Elderton (Mortality), Frequency-
 ( 4950) ( 996) Curvex, p. 79.

 g 064 .09 II. r. 1-2 Pearson (Opsonic Index), Biom.,
 (*437) (1 if022) VII, p. 536.

 A *087 *116 III. 1. 1-2 Greenwood (Phagocytes), Biom.,
 ( 7099) ( 13914) VII, p. 521.

 i *087 *158 III. 1. 2- Greenwood, loc. cit.
 ( 6952) ( i896-5)

 k 088 *109 III. 1. 0-1 Pearson (Opsonic Index), Biom.,
 ( 7060) (1 30&9') VII, p. 539.

 The Roman numerals refer to a-curves; the Arabic numerals to values of
 A, e.g., 1-2 means between x < *1 and A > 2.
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 FIG. 5A.

 The figures underneath the horizontal line through 0 denote values of

 X; the figures to the left of the perpendicular through 0 denote
 values of X.

 The other figures denote the value of e pertaining to the curve
 passing through the corresponding point.

 The Roman numerals I, II, 1II denote curves with the constant
 = 0, 0 5, and 1 respectively.

 Thus the curve for which -0 = 05 and X - 0 has for e '045; the curve
 for which A = '05 and AX '026 has for e *061.
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 FIG. 5 B.

 The numerals on the left of the axis of ordinates denote values of A;
 the other numerals values of X. The letters represent roughly the
 position of the roots pertaining to cases described in Table III.

 Three of these ropes, each with two or three rungs (not shown
 in the figure, left to the imagination of the reader), are exhibited in
 Fig. 5A. Fig. 5B shows the application of the scheme to locate
 the values of x and X corresponding to several concrete examples.
 Table III gives references to the concrete examples and a key
 to the process of location. This key--the content of the penulti-
 mate column-is thus to be interpreted. The Roman numerals
 I, II, III designate respectively the axis of X (considered as
 a member of the /B family), the two subsequent ,8-curves drawn
 in Fig. 5, for which the values of /8 are respectively -05 and 1.
 The Arabic numerals 0, 1, 2 designate rungs; the space between
 two rungs (in the neighbourhood of a point in the ladder), such as
 1 and 2, being represented as " 1-2." The space intercepted
 between two successive rungs is divided by the /3-curve to which
 the rungs pertain into two tracts described as " right " and " left."

 Thus in the instance designated in Table III as d, /8 is -039; and
 accordingly the /3-curve pertaining to the case lies to the left of the
 curve II, for which /8 = -05. The value of e at the point where
 the /3-curve meets the axis is seen by Fig. 5A to be less than *045.

 VOL. LXXVII. PART IV, 2 u
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 But the given value of e is 079. Therefore the required point lies
 higher up, above the rung (not shown in the figure), which, sloping
 downwards from left to right, passes through the point for which
 e is *061. Thus the required point is in the neighbourhood
 designated d.

 TABLE IV.-Location of roots when the constants are consider able.

 0 6 | Ainimum Proxi- AuthoritY and reference.
 (01) (71) Xeo e mate. uJory

 *15 194 *068 *123 0113 > 05 Greenwood (Phagocytes),
 (I 12019) (2 3331) Biom., Vol. VI, p. 386,

 Table IV, Type V.
 *158 22 .07 *13 *0127 > 05 ,,

 (1-2664) (2 63&6)
 *242 324 1 32 22 027 1 Pearson (Ages of Bride),

 (1 9396) (3 -S)7) Contribution XI, Phil.
 Trans., 1901.

 *52 *78 *388 48 *04 *2 Pearson (Lips of .&edusa).

 1925 *9988 7 - - 18 2 Fictitious example.
 (7.4) (12)

 The treatment of the curves specified in Table IV differs in no
 essential respect from that which is illustrated in Table III, but
 only in that I have taken less trouble about the latter determina-
 tions. Accordingly, as some guarantee of their validity I have added
 statements showing that the assigned value of X is above the inferior
 limit prescribed in each case by theory. Thus in the third example
 from the given value of /3 I find for Xo, the abscissa of the point
 at which the /3-curve cuts the axis of X, 1-32. Whence so, the
 e-constant at point, is found to be 22. As this is less than the
 given value of E, it is proper to ascend the (or a neighbouring) /3 curve
 till we come into the neighbpurhood of e = -324. I find that an
 approximation to this value of e is presented by the point on the
 /3 curve for which X = .1; and X approximately *08. But if
 X = *08, the smallest value that X can have consistent with the
 fulfilment of condition b is 03. But, in fact, the assignaed approxi-
 mative value of X is 1 ; so that it is well within the limit of safety.
 The last example is inserted to illustrate the wide range of cases
 to which the method is applicable. It need hardly be pointed out
 that the data / -3 916, e= *9988 (pi >7, 77=12) are of a
 magnitude very unusual in ordinary practice. The example was
 constructed by taking round numbers for X and X, in the neighbour-
 hood of that corne1r in the boundary of our little territory which is
 indicated by the point D in Fig. 4. The round numbers were
 55 and *2 respectively, not exactly the values of x and X at the

 said limit.
 It will be understood that I am not pretending to propound

 t4e method of approximating to the roots of the equations. The
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 process described is a method of lighting upon the neighbourhood
 of the required pair of values. The analysis on which the process
 is based shows that, when the neighbourhood has been located,
 it must be possible by a formal mechanical procedure to approximate
 more and more closely to the required roots. This follows from the
 character of the curves (within our province); the successive
 members of each family lying one outside the other; together
 forming a reticulation which may be made as fine as we please.
 There need be no fear-within the shelter of the barrier which we
 have traced-of imaginary values, multiple points, infinite ordinate
 and discontinuous curve. The path of the practitioner is smooth;
 the only difficulty, other than arithmetical, which can occur is
 occasioned by the circumstance that for certain values of the con-
 stants /3 and e there may be equal roots-two identical values of xk
 But the difficulty is not very great, and it is very unlikely to occur.*
 In general, there can be no doubt but that when we have lit upon an
 (adequately) approximate solution it is easy to proceed to a closer
 approximation. Thus, in the third example of Table IV, it having
 been ascertained that X and X are respectively nearly 1 and 1,
 substitute 1 + 8x for X, and 1 + 8\ for X in the proposed
 equations-

 I. (X(+Q)2- *242R3=O;
 II. 2+ 2SX + T - * 324 R2 = O

 (where Q, R, S, T denote the same functions of X as heretofore), and
 form the equations for 8x and XX. Neglecting higher powers of
 AX and 8X, I find for the resulting equations-

 - *0062 + 6 1568x + * 9198X = 0.
 Ii. - *0057 + 3 5188x + 3 X 2228k = 0.

 Solving these linear equations, I find for SIX, * 0009; and for AX, * 0008.
 The way is open, by putting-

 8X = *0009 + 82Xl,and 8X = 0008 + 82X,
 to obtain a second approximation. No doubt a further approxi-
 mation would often be required more than happens in the example
 taken. I leave it to those who are better versed in the arts of
 approximation to say what application of Taylor's principle, what
 analogue of Horner's procedure, is most appropriate to two simul-

 * The difficulty occurs in the neighbourhood of what has been called the

 turning-point of the j3-curve, the point at which dA for any assigned value of

 B becomes infinite. The locus of this point is a curve which starts from the
 point on the axis of x for which the ordinate is *231; and the curve bends
 upwards to the right. The tract of simultaneous values for y and A, which is
 thus defined, corresponds to values of E which are unusually large. Thus,
 for the initial point (X = 0, A = .231), the correspondilig value of E is about -3
 ( = 3 6); and the subsequent values are still larger. Moreover, the tract
 is small. For the curve in question, trending upwards, must soon meet the
 limiting e-curve (with e = 1) which bounds our province.

 2H2
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 taneoua rational algebraic equations of the higher dimensions, such
 as those with which we have to deal. Methods of interpolation
 and difference may, of course, be employed where we have obtained
 a series of values for ,B and E, corresponding to a series of equi-
 crescent values of x and X (e.g., .. X 08, 09, 1, 11, * 12. . .). The prac-
 ticability of the procedure is guaranteed bv the previous analysis.

 Faced with the successes of the method of translation, the ad-
 herents of received methods will probably be minded like the
 sceptic of old, who was not impressed by the votive tablets of those
 who had been saved from drowning. Are there no failures,
 it will be asked; no cases which defy translation? And it is not
 to be denied that such cases occur. They will be considered in the
 next subsection.

 (To be continued.)

 THE RATE OF INTEREST ON BRITISH AND FOREIGN INVESTMENTS.

 By R. A. LEHFELDT.

 THE following Table continues the information given already' as
 to issues on the London market.

 The total amount invested in 1913 was about equal to the
 average of recent years, and about two-thirds of it was in the form
 of issues that, in the present classification, are described as large,
 i.e., those exceeding ?goo,ooo in cash value.

 Large issues, 1913. (Bonds of less than seven years' currency excluded.)
 [Amounts in 1,0001.]

 Number. Amount. Rate.

 At fixed interest-
 Home. .... .... 5 4,970 5 *23
 Colonial . ... .... 30 54,273 4.44
 Foreign. .... ... 25 57,455 5 .45

 Total . ... 60 116,698 4*98

 Shares-
 Home .... .... .... 5 6,705
 Colonial. .... .... 2 1,900
 Foreign .2 4,073

 Total .... .... .... 9 12,678

 Grand Total .... .... 69 129,376

 Redemption value included in interest.

 1 1Tournal, January and March, 1913.
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